Abstract. This is an explanation of how cohomology is seen through the lens of n-category theory. Special topics include nonabelian cohomology, Postnikov towers, the theory of 'n-stuff', and n-categories for n = −1 and −2. A lengthy appendix clarifies certain puzzles and ventures into deeper waters such as higher topos theory. An annotated bibliography provides directions for further study.
by keeping track of the symmetries of K that fix k. These form a subgroup of the symmetries of K:
For example, a point k of a set K is completely determined by the subgroup of permutations of K that fix k. More generally, we can recover any subset k of a set K from the subgroup of permutations of K that fix k.
However, Galois applied his principle in a trickier example, namely commutative algebra. He took K to be a field and k to be a subfield. He studied this situation by looking at the subgroup Gal(K|k) of automorphisms of K that fix k. Here this subgroup does not determine k unless we make a further technical assumption, namely that K is a 'Galois extension' of k. In general, we just have a map sending each subfield of K to the subgroup of Aut(K) that fixes it, and a map sending each subgroup of Aut(K) to the subfield it fixes. These maps are not inverses; instead, they satisfy some properties making them into what is called a 'Galois connection'.
When we seem forced to choose between extra technical assumptions or less than optimal results, it often means we haven't fully understood the general principle we're trying to formalize. But, it can be very hard to take a big idea like the basic principle of Galois theory and express it precisely without losing some of its power. That is not my goal here. Instead, I'll start by considering a weak but precise version of Galois' principle as applied to a specific subject: not commutative algebra, but topology.
Topology isn't really separate from commutative algebra. Indeed, in the mid-1800s, Dedekind, Kummer and Riemann realized that commutative algebra is a lot like topology, only backwards. Any space X has a commutative algebra O(X) consisting of functions on it. Any map
If we're clever we can think of any commutative ring as functions on some space -or on some 'affine scheme':
Note how it's backwards: the inclusion of commutative rings
corresponds to the branched cover of the complex plane by the Riemann surface for √ z:
